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Option valuation using the fast Fourier transform

We would like to use a model which is supported in a general
equilibrium and which is capable of removing the biases of the
standard Black-Scholes model.

In many models the characteristic function is simple and known
analytically, while the density function is complicated.(e.g. Lévy
processes)

|

Theorem (Lévy-Khintchine representation)

Let (X¢)t>0 be a Lévy process on RY with characteristic triplet
(A,v,7)

Then E[eXt] = et?(2) 7 ¢ RY

with §(z) = —3z. Az + iy.z + [pe 7% —1—iz.x Liix<1y v(dx)
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Option valuation using the fast Fourier transform

st :=1In(57) k = In(K)

q7(s): risk-neutral density of st

¢1(u) == 7 e"qr(s)ds : characteristic function of gr(s)
Cr(k): T-maturity call option with strike e

Cr(k):= [ e T(e — e)gr(s)ds

 Cr(k) = Sp as k — —oo . Cr(k) ¢ L*(R)

Goal: choose v >0 s.t. cr(k):=e**Cr(k) € L*(R)

Y1(v) = [ ekcr(k) dk : characteristic function of cr(k)

o0
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Option valuation using the fast Fourier transform

. CT(/{) — e;:k f_oooo e_inwT(V) dv = e;rcxk fooo e_inT/JT(V) dv

r(v) = [T eVker(k) dk = [7 eVke*k Cr(k) dk

= [% eVkeke™rT [(e5 — e¥)qr(s) ds dk

— frT f qT(S f eivkeak(es _ ek) dk ds

— e T f qT(S) f eklivta)ts _ gk(iv+a+l) gk ds

R k(iv+a)+s ek(iv+a+1)

- r f qr ( [e [ IV+O¢+1 ]S ds
_ —rT (lv+a+1)

- ’ f CIT(S /v+a)(/v+a+1) ds

—rT 00 is(v—io—i _ e Tor(v—(a+l)i)
(iv—l—a‘)e(iv—i-oz—i—l) ffoo CIT(S) eBlv=iomi) ds = a2+a—7\—/2+i(2a+1)v

Hua-Yi Lin Universal Error-Reducing Methodology on Option Pricing



Option valuation using the fast Fourier transform

Note: Re[¢7(v)] = Re[¢or(=Vv)], Im[i7(v)] = Im[¢y7(=v)]
Pr(v) = [ eke?k Cr(k) dk

= [ [cos(vk) + isin(vk)]e** Cr (k) dk
= [ cos(vk)e®k Cr(k) dk + i [*_sin(vk)e® Cr(k) dk
Note: upper bound on a : E[S$H!] < oo

P7(0) < 00 = e Cr(k) € LY(R) = e**Cr(k) € L%(R)

o1(—(a +1)i) = E[S$™] < 00 = ¢7(0) = e Tor((at)i)

acta
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Option valuation using the fast Fourier transform

The FFT is an efficient algorithm for computing the sum

w(k) = SN, e T RUDEDN () for k=1..N
ak

Cr(k) =~ & fON” e~ Vkehr(v) dv

™

—ak P . —ak —iv:
r S e MUk ((j — 1)) == = ST e Mk (v)n
kpo=—b+Au—-1) u=1.N A=25  p=I1

CT(ku) ~ e;ak ZJNZI efivj(ber/\(ufl))w_,_(Vj)77

_ eok Eszl e~ MU=N(u=1)ebViyr(v;)n

™

_ eTok EJN:1 e_izﬁ(j_l)(u_l)eibvf’l,ZJT(Vj)n

S
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Universal error-reducing methodology on option pricing

Ur(v) = 7%, eketke T [ (e - F)ar(s) ds
= [ ekeoke=rT [2(e5 — ek)glr®Y(s) ds dk
T, ekemke T [(es — ok)qiesiue ) d dk

= POV (v) + presidue ()

- Cr(k) = ka e VR hr(v) dv

—ak

— fOO _’Vk[z[)‘-,)-mxy(v) +w(ﬁsidue(v)] dv

_ C_?roxy(k) + e_:k fooo e_in¢$$idue(V) dv
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